For the special case of low-rank "CDMA" signaling with ¡ ¤ and provided the signatures of any two users are linearly independent, it is shown that the error probability of a -user system asymptotically approaches single-user like performance for every user. Remarkably therefore, an increase in the number of users, and hence an increase in the aggregate spectral efficiency, does not require the users to transmit with more power to achieve single-user like performance asymptotically. A signal design algorithm is proposed to illustrate this point and examples are given. These results are then generalized to the multiple transmit antenna case. A new ¡ -dimensional signaling strategy is proposed for the multiuser channel that leverages existing single-user space-time signal designs while ensuring full diversity order and single-user like performance asymptotically for every user.
I. INTRODUCTION
ULTIPLE antenna communication has received considerable attention in recent years due in large part to the information theoretic work in [1, 2] , which showed that the use of multiple transmit and receive antennas could achieve considerable gains on the Rayleigh fading channel when the receiver has perfect side information about the channel state. Motivated by these promises, several researchers have recently proposed multi-antenna coding and modulation schemes for coherent single-user channels (cf. [3] [4] [5] [6] [7] ) to show that diversity communication systems, when designed intelligently, can yield significant improvements over single antenna channels. The information theory of the single-user space-time channel easily extends to the multiuser multi-antenna channel [1] and it can be inferred that the gains in the capacity region are every bit as dramatic for the multiuser channel as well.
In this paper, we present a theory of modulation and detection for multiuser space-time communication. Each user can em- ploy ¡ transmit antennas and is detected by a base-station with £ receive antennas. We develop multiuser modulation schemes that guarantee each user full order of diversity ! " ¡ £ . When only receive antenna diversity is employed, it is well known that in the multiuser narrowband channel (in which all users modulate an identical waveform) the jointly optimum detector achieves the same order of diversity for every user as in a single user channel [8] . This is illustrated in Figure 1 , which shows the bit error rate (BER) for one, five, and ten users, each employing BPSK modulation, and that are detected with £ $ # receive antennas. The optimum multiuser detector achieves the same diversity order for every user as is achievable in a single user channel, but it incurs a penalty in terms of signal-to-noise ratio (SNR), when compared to single-user performance. In the example, for ten users the SNR gap to the single user is close to % dB at a BER of
For the special case of one transmit antenna per user we present a method for modulation that spreads the symbol of each user with a unit-norm spreading sequence of very low dimension (3
4 ¥ #
) and wherein these spreading sequences are designed to guarantee asymptotic (high SNR) single-user like performance for every user. By an "asymptotic single-user like" performance we mean that for high SNR the upper bound on the multiuser BER converges to the upper bound on the single-user BER. In particular, the lowest admissible (complex) signal space dimension 3 6 7 # appears to be the most desirable (in terms of energy vs spectral efficiency tradeoff), independently of the number of users. The signaling scheme that uses the corresponding signature signals, which are "optimized" according to a signal design criterion we develop in this paper, may be thought of as enlightened or low-rank CDMA signaling in that the spread factor is just two.
In the case of binary modulation, when the upper bound on the single-user BER coincides with its lower bound, the optimum multiuser detector achieves exactly single-user performance asymptotically, i.e., the asymptotic efficiency of all users is unity. In other words, the signal design enables an increase of aggregate spectral efficiency of the multiuser system due to an increase in the numbers of users with no loss in energy efficiency for sufficiently high SNR, when compared to a single user. Using these designs, we next extend the above example and see that ten users can be detected with a BER that is within # dB of the single-user performance at a BER of
where we develop a general theory for the analysis of quadratic receivers in Rayleigh fading channels and apply it to singleuser coherent and noncoherent space-time receivers. Independently from that work, [10] analyzes the optimum coherent receiver for the single-user space-time channel and also obtains asymptotically tight pairwise error probabilities for the singleuser case. In this paper, we start-out with a general synchronous multiuser modulation model and apply the methodology of [9] to arrive at asymptotic tight expressions for pairwise error probabilities of modulation schemes and channels not previously considered and/or analyzed. For example, for the narrowband multiuser channel and optimum detection, the new asymptotic pairwise error probabilities generalize the corresponding result in [8] , in that more general modulation schemes and possibly correlated diversity branches are included. Even the singleuser space-time case profits from our general expressions, because an asymptotically tight approximation of the pairwise error probability for correlated fading and non-full rank codes are obtained (recall that [4, 6] consider the Chernoff bound in i.i.d. fading, [9] only full-rank codes). For the multiuser channel, the asymptotic pairwise error probabilities are subsequently used to derive signal design criteria which in turn enable us to design signal sets for both, single and multiple transmit antenna systems (per user), that guarantee asymptotic single-user like performance for every user. As pointed out above, a remarkable feature of these signal sets is that the minimum required signal space dimension is independent of the number of users for sufficiently high SNR. Interestingly, in the multiple transmit antenna per user problem, if every user transmits symbols from a full diversity order @ 7 ¡ £
, single-user space-time constellation 1 in a multiuser channel, we show that each user achieves the same full diversity order in spite of the presence of other users. Recall, that to achieve full order of diversity in the single-user channel 3 @ 4 " ¡ signal space dimensions are necessary [4, 6, 9] , so that
A 4 B ¡
is also the condition required for every user in a multiuser channel to achieve the full diversity order . However, with an increase of the number of users, an increasing SNR penalty is incurred, just like in the narrowband case with one transmit antenna.
The modulation method we propose for ¡ D C & leverages existing single-user space-time constellations and alleviates the SNR penalty asymptotically and requires at least (only) ¡ F E & dimensions. Before transmitting, the single-user spacetime symbols of each user are "spread" by a low-dimensional "spreading matrix." This can be thought of as a generalization of the low-rank CDMA signaling method described above to multiple antennas per user. In particular, we present a criterion to design each user's low-dimensional spreading matrix that depends only on the dimensionality of the chosen single-user space-time constellation. Consequently, different spectral efficiencies can be attained without changing or redesigning the spreading matrices.
In all our examples we keep the number of dimensions as
G
In this paper, we take a perspective of modulation and detection and thus consider the transmitted signal matrices, originating for example from the Alamouti scheme [11] , as space-time (super-) symbols originating from a constellation rather than a codeword of a (block-) code.
close as possible to the minimum necessary, so that our modulation/detection perspective suffices, since such "short" signal matrices are more amenable to a (super-) symbol interpretation. Our results on performance analysis, however, are also valid for large number of dimensions, as in systems where each user may employ single-user (or other, yet to be designed) space-time trellis codes [4, 6] . All results are derived for (jointly) optimum detection, which can be efficiently implemented by closest point search algorithms for (general) lattices [12] . In particular, the generalized sphere decoder of [13] was used to obtain some of the numerical results.
In Section II, we describe a general H user, ¡ transmit, £ receive antenna symbol-synchronous system model. Based on our general results on the asymptotic analysis of quadratic receivers in complex zero-mean Gaussian vectors [9] , we analyze, in Section III, the optimum multiuser receiver and obtain asymptotically tight expressions for the pairwise error probabilities. In Section IV we interpret these probabilities for the single transmit (IV-A) and multiple transmit antennas (IV-B) cases in terms of the minimum dimension needed to achieve full order of diversity for all users. We also propose new optimized multiuser signal design strategies that leverage single-user space-time designs in order to deliver single-user like performance in the high SNR regime. In Section IV-C, we investigate conditions to re-write the system model to make it amenable to (generalized) spheredecoding. While most of the paper focuses on uplink communications (users to a central base-station), the system model and the general analysis of the pairwise error probability can be easily adapted to downlink (base-station to users) communications as well, and we do this in Section V. We conclude in Section VI. Notation: Throughout the paper 
where
contains the fading coefficients in "receiver-antenna" order. For the analysis to come, it will be more convenient to organize the fading coefficients user-wise in the vector
, which also requires the introduction of
, and
. With these definitions the 3 e £ sufficient statistics can be written as
We denote the correlation matrix of the fading coefficients as 
For equi-probable symbols this condition can be written as
In i.i.d. fading the stated conditions lead to
III. OPTIMUM RECEIVER AND ANALYSIS
We consider coherent detection and assume that the fading coefficients are perfectly known at the receiver. To estimate the fading coefficients with sufficient accuracy in practice, the channel coherence time must be long relative to the symbolduration Ó . In this paper we focus on the ideal coherent case and express the optimum receiver in terms of a quadratic form in the observations and the fading coefficients. This formulation allows us to make use of the general results of [9] for the asymptotically tight analysis of the pairwise error probabilities.
A. Maximum Likelihood Receiver
The likelihood function of the sufficient statistics given the fading coefficients , is transmitted) is
Defining the new
the jointly optimum coherent receiver ae can be expressed as
where ì is defined implicitly. Note that the sufficient statistics 
is the symbol error probability of the { th user detected by receiver ae conditioned on the hypothesis } . It is the probability of the union of the corresponding
, which in turn can be lower bounded by
, as in (13) .
C. Pairwise Error Probabilities
The pairwise error probabilities
are crucial for the bounds on the symbol as well as the bit error rate. They can
is only an error probability in a binary hypothesis test. However, the term "pairwise error probability" is customarily used in the literature.
be obtained via the calculation of residues (cf. [9, 10, [15] [16] [17] ). However, the residues depend on the eigenvalues of
and do not in general give any insight into the dependencies on the system parameters of interest, such as the signal and fading correlations. A remedy for this is offered by the asymptotic (high SNR) analysis of the pairwise error probabilities in [9] , where we examined the asymptotic analysis of quadratic receivers in Rayleigh fading channels and found formulas for the asymptotic error-probabilities that require "only" the evaluation of the asymptotic eigenvalues of 1 ÷ . The structure of these asymptotic eigenvalues follows the structure observed in [9] : half of the non-zero eigenvalues are positive and linear in ² ) 2 1
, and the other half converge to minus unity. We state next the pairwise error probabilities for finite SNR in the following proposition, which can be easily obtained from, for example, [9] . Note that the calculation of the residues is numerically unstable for high-multiplicities of eigenvalues, so that for these cases one must use, for example, a saddle point integration technique [18] .
In [9] we find the asymptotic eigenvalues of , where the characteristic function of a Hermitian quadratic form in linearly independent complex Gaussian random variables is derived. For zero-mean and linearly dependent random variables, the characteristic function of the quadratic form can be easily shown to be the same as derived in [20, 21] .
The calculation of the eigenvalues mainly involves basic, but at times tedious, algebra with block-partitioned matrices, a similarity transformation, and the application of a determinantal equality. We block-partition the matrices ẫ , â ÷
, and R « î a î ïð ñ as given in (8) and (10) 
, we can write
Since the eigenvalues of 
, we can calculate
as given on top of the following page.
Since the second (block-) column of
is identical to zero and we are only interested in the non-zero eigenvalues of 1 ÷ , we can expunge this column and the corresponding row and find the eigenvalues of
The eigenvalues of 
(since the non-zero eigenvalues of any matrix product 
, which can be exploited to simplify numeric evaluations. Even for the single-user case the above proposition allows us to slightly generalize the results of [9] , in which the asymptotic eigenvalues (and pairwise error probability) were only obtained under the assumption of full rank Á ÷ . With the asymptotic eigenvalues of Proposition 2 and the results of [9] , one easily finds the asymptotic pairwise errorprobability given in the next proposition. For ease of notation, we introduce pv q p ö u v as the product of the non-zero eigenvalues of 
D. Asymptotic Single-User Like Performance
The asymptotic multiuser efficiency of the { th user is a well known asymptotic measure of performance of a multiuser receiver [24] . It is the fraction of the energy required by a singleuser (without interference) to attain asymptotically the same error rate as the { th user in a multiuser channel. For its calculation, one usually requires the exact asymptotic error rate of the { th user and the single user, which are often hard to obtain in fading channels for -ary modulation with C #
. Particularly for space-time single-user constellations, exact expressions for the symbol or bit error rate are often intractable and only bounds on the error rate are available. On the other hand, as we have seen above, the union bound on the { th user's symbol error rate is easily obtained, as is of course the union bound on the single-user error rate. If these converge, the multiuser receiver achieves asymptotic single-user like performance, a formal definition of which follows.
Definition 1 (Asymptotic Single-User Like Performance) Let 
IV. INTERPRETATIONS AND SIGNAL DESIGNS FOR UPLINK COMMUNICATIONS
The asymptotic result of the previous section encompasses many special cases of interest, some of which we explore in this section. For example, we specialize to ¡ & in Section IV-A and gain some insights into this case, which help understand the multiple transmit antenna case. In Section IV-B we consider multiple transmit antennas but specialize to
first, before we discuss the general H -user, ¡ -antenna problem. We focus on giving specific results and interpretations for the asymptotic pairwise error probabilities and assume that it is understood that the corresponding optimum receiver can be obtained by applying the specifics to ae as defined above.
A. One Transmit-Antenna per User
We distinguish between linear versus general -ary/blockcoded modulation. In linear modulation, each user modulates its signature sequence by a symbol drawn from a fixed alphabet, like a QAM or PSK constellation. In -ary or block-coded modulation the { th user's Ñ th signal vector may be a blockcode over a finite alphabet or a super-symbol drawn from an arbitrary constellation. that the pairwise error probability of the optimum detector ae approaches arbitrarily closely
Consider the case
&
and note that as the number of users increases, the aggregate spectral efficiency
increases linearly since all the users employ the same "signature signal" which, without being wasteful of bandwidth, can be taken to be the minimum bandwidth sinc pulse or a raised cosine pulse with sufficient roll-off to ensure robustness to timing jitter and user quasi-synchronism. The second bound of Corollary 1 implies that there is no loss of diversity order compared to a single-user channel for any of the users. As an aside, we note here that for BPSK modulation this bound specializes to the one given in [8] . Without any bandwidth expansion compared to a singleuser channel, multiple users can be accommodated with no loss of diversity order. There would be, however, a loss of energy efficiency in that each user would have to transmit at a somewhat higher power to achieve the performance it would have in the absence of other users, and this loss would increase with the number of users (see Figure 1) .
#
with aggregate spectral efficiency of 1 g w 1 bits/dimension that also linearly increases with an increase in the number of users albeit at half the rate of the narrowband channel. In this case, it is easy to design twodimensional signature sequences that ensure that any two users are assigned linearly independent signals so that the probability of error events involving more than one user decays with a diversity order of two. Consequently, each user not only achieves full order of diversity but even the above-mentioned loss of asymptotic effective energy relative to single-user performance is eliminated. In summary, with a bandwidth expansion by a factor of two relative to a single-user channel, an increasing number of In this and some of the following corollaries, the assumption of i.i.d. fading is only made to enable a compact presentation of the results. ) and consequently can be asymptotically neglected in the upper bound on the { th user's SER (11) . Thus the requirements of Definition 1 are easily seen to be fulfilled.
Note that for BPSK signaling (
(and consequently the signal correlation matrix P j has full rank H ), this result specializes to the well-known finding of [26] that the asymptotic efficiency of optimally detected CDMA in Rayleigh fading is unity (see also [24, pg. 206] ). The much stronger result of Corollary 2 however is that that one can achieve an asymptotic efficiency of one with only two spreading dimensions, independent of the number of users. We next address the signal design question.
Signal Design To obtain spreading signals for
C &
dimensions we suggest a signal design algorithm that minimizes the maximum of a per-user asymptotic performance criterion over all users. This criterion is derived from the upper bound on the { th user's asymptotic bit error rate, which in turn results from (14) by upper-bounding Evaluating
is cumbersome (particularly for large number of users) and depends on the user's symbol alphabet (through in (25) 
to (27) , and we have (27) tends to maximize these terms, the simplified criterion gives essentially the same results as the original one. Note that any two columns of a signature sequence matrix that is optimized with respect to the simplified criterion will be linearly independent, and thus single-user like performance is guaranteed asymptotically, independent of the specific modulation scheme. Consequently, the same spreading sequences can be used for various constellations and thus spectral efficiencies.
The simplified criterion also gives some insight into the question, as to what kind of signal sets are optimal: For equal-energy users,
is equalized for all users. For small number of users, this leads to the absolute values of the cross-correlations . For unequal-energies, the numerical optimization returns signature sequences whose absolute values of cross-correlations among the high-energy users are higher than among the low-energy users. However, in our numerical evaluations, the performance of signature sequences designed for unequal energies and those designed for equal energies is indistinguishable from each other over the complete SNR range, whether employed in equal or unequal energy situations. 5 Henceforth, we consider equal-energy situations only. For
corresponds to minimizing , cf. (27) , provided that at least any three columns of are linearly independent. However, minimizing (27) . However, we will argue using some examples below, that using more than 3 D # dimensions is not advantageous, when the total spectral efficiency remains fixed. Thus we mainly concentrate on
» #
, which is already sufficient to ensure asymptotic single-user like performance, cf. Corollary 2.
For the numerical optimization involved we relied on the Matlab Optimization Toolbox, whose algorithm for this minimax problem is based on standard Sequential Quadratic Programming (SQP). The optimization was repeated several times with a different random initialization for each run to decrease the chance of obtaining only a local minimum (in practice, the solutions returned almost always identical minima). We state some of the spreading matrices used in the examples in Appendix A. 
È ª
). The design algorithm yielded signal sets for which the users' performances are identical for finite SNR, so that we plot the upper bound and simulated BER of one user only. We see that asymptotically single-user performance is achieved. However, for increasing number of users the asymptote is reached for increasing SNR only. Figure 3 shows the performance of the signature sequences for
users of the previous plot in comparison with narrowband communications ( total spectral efficiency of bits/dimension. Figure 4 displays the performance of the same systems as Figure 3 user CDMA system. Thus, high spectral efficiencies seem to be more (energy-) efficiently reached by a CDMA system than by orthogonal users employing large constellations. Figure 5 explores the effect of increasing 3 , the number of dimensions, for a fixed number of users. As one might expect, doubling the number of dimensions from which can be thought of as belonging to some dense lattice (or more generally to an arbitrary nonlattice constellation), whose individual scalar elements may be drawn from a regular QAM-like alphabet or may be arbitrary complex numbers, not necessarily restricted to be part of a finite alphabet. When the "codeword" interpretation is appropriate, the receiver may be thought of as a decoder.
We rewrite the general expression of the asymptotic pairwise error probability from Proposition 3. and the proposition corresponds to the well-known rank criterion [4, 6] , for which of course we need 3 
X H
. By the use of space-time codes such as the orthogonal designs of [5] or the algebraic codes of [27] which satisfy this rank criterion, one can achieve full diversity order (namely
H £
). However, the multiuser rank criterion is very different from the single-user criterion because while in the single-user channel with 
B. Multiple Transmit-Antennas per User
The classical single-user multiple transmit antenna spacetime coding analysis also profits from our general analysis: in contrast to the earlier, Chernoff bound based approaches, our analysis provides asymptotically tight expressions for the pairwise error probability and considers possibly correlated fading (as does [9, 10] ). Finally, for the multi-transmit antenna, multiuser space time channel, we propose a signal design algorithm that ensures single-user like performance asymptotically.
B.1 One User
In this case one user transmits a Assuming that
, the pairwise error probability of the optimum receiver ae approaches arbitrarily closely
Note that in addition to revealing the rank and determinant criterion of [4, 6] for i.i.d. fading, this formula is is also asymptotically tight and considers the more general case of correlated fading (cf. [10] ). As a consequence of the asymptotic tightness, asymptotic lower bounds on symbol and bit error rates can be obtained. For correlated fading and full-diversity space-time codes, the fading correlation does not affect the determinant criterion, because
Consequently, full-diversity space-time codes that were optimized for i.i.d. are also asymptotically optimal for correlated fading. The analysis presented here also strengthens our result in [9] by providing exact expressions for the asymptotic pairwise error probabilities in case e e ÷ is low rank.
B.2 Multiple Users
The observations we made for the various special cases allow us to finally draw some conclusions about Proposition 3 for multiuser communication when each user employs ¡ transmit antennas. Interestingly, if every user employs a full-diversity space-time code/constellation (requiring 3 4 Å ¡ ) in the same 3 dimensional signal space, the optimum receiver still achieves asymptotically a diversity order of ä B £ ¡ , 6 i.e., no loss in diversity order occurs when compared to the single-user case, without any bandwidth expansion (this was also realized independently in [27] by using the weaker Chernoff analysis that does not yield asymptotically tight bounds on pairwise error rates). However, a loss in energy-efficiency occurs when more users are added. This behavior mirrors exactly the ¡ D & ,
&
narrowband case discussed above. We saw that we could improve on this behavior by expanding the signal space to 3 
#
dimensions to design signals such that the optimum receiver achieves single-user like performance asymptotically. We propose to generalize this idea to the multiple transmit antenna case by signaling according to 7
where is a 3 H q 3
fixed "signature" matrix and e are 3 q ¡ single-user full-diversity symbol matrices. The latter can originate from, for example, the Alamouti scheme [11] ,
and for full-diversity space time codes
is guaranteed to have at least rank . orthogonal designs [5] , or the algebraic codes of [28, 29] , the universal space-time codes [30] 
will turn out to be independent of the number of users (as for ¡ & above), the aggregate spectral efficiency can be increased by adding users, with no loss in energy-efficiency for sufficiently high SNR (increasing with the number of users). For example, if each user employs ¡ transmit antennas and a single-user space-time code with the minimum required dimensions ¡ (cf. [4, 6, 9] ), our proposed modulation scheme requires just one more dimension to achieve asymptotic single-user like performance. Denoting the 3 columns of that correspond to user
) , we state our claim precisely in the following Corollary. 
where we applied some basic properties of the Kronecker product. Obviously, the last expression coincides with the usual single-user channel expression for P 7 ª . Now consider the pairwise error probabilities that correspond to 
has got rank greater than or equal to
. Thus the diversity order of all pairwise error probabilities corresponding to error events with
and consequently these probabilities can be asymptotically neglected in the upper bound (11) when compared to the single-user pairwise error probabilities whose diversity order is ¡ £
. Consequently the requirements of Definition 1 are easily seen to be fulfilled.
The key-point of the Corollary is that
dimensions are sufficient to achieve asymptotic single-user like performance, which is again independent of the number of users. For example, when the single-user constellation requires only the minimum dimensions , only one more dimension is required for the multiuser channel. In our signal design we concentrate on
, because by increasing the number of dimensions the performance is-at least asymptotically-not enhanced.
The design algorithm discussed in Section IV-A.1 can be adapted to design an optimized signature matrix . As before (25), we expand the { th user's BER into terms corresponding to the diversity order. Since the single-user space-time symbols e are assumed to be drawn from a full transmit diversity achieving constellation, the minimum diversity order of any error event for any user is ¡ £
. We conjecture that by minimizing the maximum of the coefficients
, the convergence to the upper bound on the single-user's error rate is improved. 7 However, the computational complexity of this criterion is quite high, since on the order of B terms have to be evaluated to obtain the
. Therefore, we suggest to generate the spread-
under the constraint that each matrix has orthonormal columns. Note that the criterion (30) is easily evaluated, because it is independent of the specific single-user space-time constellation. It also ensures in a "fair" way that all pairs
, fulfill the rank criterion, which is necessary (and sufficient) to achieve single-user like performance.
Since we want to constrain our signals to have orthonormal columns, a numerical optimization in the usual Euclidian space would have to incorporate these constraints. The optimization can be performed unconstrained in the Grassmann manifold and obtain a somewhat simpler parameterization (cf. [31, 32] ). 8 The latter parameterization is built by expressing any rectangular matrix and two indices). In formulas, we have
where we define the matrix products to be left-sided and the second product decreases its index by minus unity for each multiplication. The
else Each user's spreading matrix is parameterized in this way and thus the following numerical optimization can be performed without constraints. As before we used standard methods from the Matlab Optimization Toolbox to perform the optimization. We give spreading matrices for H Û users with ¡ Ò # transmit antennas each in Appendix A.
For our examples, we choose the constituent space-time symbols ẽ according to Alamouti's scheme [11] for ¡ # transmit antennas. We designed spreading matrices for up to three equal-energy users in the minimum number of dimensions ( 3 6 ) that guarantee single-user like performance asymptotically. From Figure 7 we see that the simulated BER for a single- spread-matrix design and the orthogonal system. Obviously, this comparison does not take into account any complexity or implementational issues (the optimum multiuser detector does not simplify for the Alamouti scheme, in contrast to the single-user detector [11] ). On the other hand, for larger systems with more users and/or antennas, the gap between spread-matrix and orthogonal communications is expected to grow. ). Using QPSK (in conjunction with the Alamouti scheme for ¡ 7 #
) a total spectral efficiency of % bits/dimension is obtained with low-dimensional spreading. To obtain the same spectral efficiency with orthogonal users, each user would have to employ
C. Sphere Decoding
The optimum multiuser receiver as given in (9) has a complexity of Å , i.e., it is exponential in the number of users. If the information symbols are drawn from a lattice (like in PAM or QAM), the sphere-decoder [33] can be used to find the maximum-likelihood solution efficiently (cf. the recent semitutorial [12] ). This holds if there are at least as many observations as unknown information symbols. If there are less observations than information symbols, the generalized sphere decoder [13] requires a complexity that is exponential in the difference of information symbols and observations.
We next show how the channel model (cf. (3)) can be adapted so that the sphere decoder is applicable when low-dimensional spreading and a suitable space-time code are used. To this end the model must be written such that Þ E Î ¤
, where is a spreading/channel/code matrix, and Þ a vector of independent PAM/QAM information symbols. It is easily seen that this is possible whenever 
AE l
has full rank , which we assume in the following. As a consequence of the rank deficiency of AE ß U ± { § W
, we can conclude immediately that for all error events the achievable diversity order is less than or equal to . Thus, single-user like performance is not attainable in the downlink. We summarize the pairwise error probability for the downlink model in the following corollary, whose proof can be found in Appendix B.
Corollary 6 (Asymptotic Pairwise Error Probability for Downlink) For coherent detection in downlink communications at user's { site, the pairwise error probability 
e È '
) the error probability floors.
In the uplink we found that even for narrowband communications (3 ¡ ) every user can achieve full order of diversity . From the above corollary we conclude that this result does in general not hold for the downlink. Consider 
E &
for user one and for user two, neither of the users can distinguish this hypothesis from the one corresponding to swapping the users' bits. This analytic result fits the intuition, that when all users experience the same random spreading (as opposed to different random spreading in the uplink narrowband channel) the receiver is not able to distinguish them.
#
, and equal-energy users, we design spreading sequences by minimizing the maximum asymptotic upper bound on the users' BER, i.e., minimize
as given in (25) . 9 The assumption of equalenergy user's, as received by user { , corresponds to the case that the base-station transmits the same power for all users. Clearly, this is not desired in a practical system, where the base-station typically adjusts the transmit powers according to the individual path losses and possible quality-of-service constraints. Designing spreading-sequences for the latter case is not an easy problem and beyond the scope of this paper. However, we try to gain some insight into the idealized case of equal-energy users, as to whether or not gains in energy-efficiency can be achieved when a spreaded system is compared to a system of orthogonal users with the same spectral-efficiency. Figure 9 shows 
dimensions, each employing QPSK modulation. From the figure, we see that the multiuser system has a roughly dB loss in energyefficiency when compared to the single-user performance with the same spectral efficiency. The gap to single-user performance QPSK performance is about dB. Thus, in this example, at a given SNR per bit, orthogonal users achieve a higher spectral efficiency.
VI. CONCLUSIONS
The general analysis of [9] is applied to coherent multiuser space-time reception with a focus on the uplink channel. Consequently, asymptotically tight expressions for the pairwise error probabilities are obtained that are subsequently used as signal design criteria. We are able to arrive at several conclusions:
If the common signal space of all users has at least dimensionality two, all users can be detected with asymptotic single-user like performance in a one transmit antenna per user CDMA system. An algorithm to design "optimum" spreading sequences is presented.
For the "classical" single-user ¡ transmit and £ receive antenna space-time communications, we extend our previous approach by providing asymptotically tight bounds when the space-time symbols (or code matrices) do not fulfill the rank criterion or the fading correlation matrix has not full rank (cf. [10] ).
For the multiuser space-time problem it is established that every user achieves full order of diversity ¡ £ A modulation scheme is proposed that leverages single-user space-time constellations and guarantees both, a full diversity order, as well as an asymptotic (high SNR) single-user like performance for every user. The new scheme requires lowdimensional spreading matrices, which are obtained by numerical optimization of a simplified design criterion. A special feature of the simplified criterion, and thus of the resulting spreading matrices, is that they are independent of the particular singleuser space-time constellations (of a given dimension), so that different spectral efficiencies can be attained without changing or redesigning the spreading matrices. Fig. 1 . In the multiuser narrowband channel, every user achieves full order of diversity. However, for an increasing number of users an increasing SNR penalty is incurred. The lines marked with a triangle correspond to an analytic upper bound, the plain line styles to simulations (for ó ). -QAM modulation does not benefit as much from the additional receive antenna as the other systems. Fig. 5 . Increasing the number of dimensions seems to gain nothing when compared to a system with z ¤ Ò and the same spectral efficiency. Fig. 6 . For increasing constellation size, the multiuser system can still asymptotically achieve single-user like performance. -QAM, leading to a dismal performance when compared to low-dimensional spreading. Fig. 9 . For the downlink it seems to be more energy-efficient to increase spectral efficiency by increasing the constellation size of each (orthogonal) user rather than trying to communicate in a common signal space for several users. 
